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Computation of Convergence Bounds for Volterra
Series of Linear-Analytic Single-Input Systems

Thomas Hélie and Béatrice Laroche

Abstract—In this paper, the Volterra series decomposition of a
class of single-input time-invariant systems, analytic in state and
affine in input, is analyzed. Input-to-state convergence results are
obtained for several typical norms (L ([0, T']), L*> (R ) as well
as exponentially weighted norms). From the standard recursive
construction of Volterra kernels, new estimates of the kernel norms
are derived. The singular inversion theorem is then used to obtain
the main result of the paper, namely, an easily computable bound
of the convergence radius. Guaranteed error bounds for the trun-
cated series are also provided. The relevance of the method is illus-
trated in several examples.

Index Terms—Approximation methods, functional analysis,
nonlinear dynamical systems.

I. INTRODUCTION

OLTERRA series is a functional series expansion of the
V solution of nonlinear controlled systems, first introduced
by the Italian mathematician Volterra [25]. This tool has been
extensively used in signal processing and control, electronics
and electromagnetic waves, mechanics and acoustics, biomed-
ical engineering, for modeling, identification, and simulation
purposes. There exists a vast literature concerning Volterra se-
ries. Among others, they were studied in [5], [10], [11], [13],
and [19] from the geometric control point of view, and in [9],
[23], and [24] from the input—output representation and realiza-
tion point of view.

However, only a few results on the convergence are available,
and most of them require the computation of kernel norms or
asymptotic bounds. In [6], the existence of a nonzero conver-
gence radius for complex linear analytic systems with no initial
conditions is proved and a convergence criterion is given for in-
variant real bilinear systems. In [19] and [21], theoretical and
local-in-time results are given for control systems, affine in the
input, with analytic dynamics and piecewise continuous inputs.
Existence results of a convergence radius for continuous inputs
are also given in [2] for fading memory systems, and in [14]
for results in LP-spaces. More recently, results in the frequency
domain have been developed in [20] and [22], results relying on
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regular perturbations (which can be related to Volterra series ex-
pansion) are given in [7], and results for quadratic systems have
been established in [16].

This paper focuses on the computation of guaranteed con-
vergence bounds for the input-to-state Volterra series expansion
of a class of single-input time-invariant systems. These systems
are assumed to be finite-dimensional, analytic in state, affine in
input, with zero initial conditions. The convergence bounds are
obtained for several norms for the input and the state: 1) the
L> (R.,.) norm is considered to establish bounded signal results
for systems with a stable linear part; 2) L> ( [0, T]) norms for
T > 0 makes it possible to relax the convergence condition in-
cluding for systems with an unstable linear part; 3) an adapted
weighted norm is also considered to tackle exponentially fading
memory systems.

The paper is organized as follows. Section II defines the nota-
tions, the functional setting, and the class of systems under con-
sideration and recalls some general definitions and basic prop-
erties of Volterra series. Section III establishes the convergence
results and guaranteed truncation error bounds for L°° norms.
These results are illustrated by several examples in Section IV.
Section V extends the results of Section III to weighted norms
adapted to exponentially fading memory systems. Finally, con-
clusions and perspectives are given in Section VI.

II. GENERAL FRAMEWORK

A. Notations and Functional Setting

The following notations are introduced, where E, E1, . . .
(K > 2) and F are real normed vector spaces.
 L(E,F) is the vector space of continuous linear
functions from an E to F with norm ||f|lzer) =
sup,ep. ||f(x)||F, where BE is the unit ball in E.
o ML(E4,...,Ex,F) is the vector space of continuous
multilinear functions f : E; X +++ X Ex — F with norm

7|EK

sup

Il meEs,...ExF)=
ml,...,IK)GBEl ><---><B|EK

* M‘C’jh---dk ([Elv ..., Ex, lF)

The followinfg1 function slj)gces are used in Jtﬁe sequel.

* T denotes the time interval [0, 7] with T' > 0 or Ry..

o« L1 (T, [E) and L ('IT, [E) are the standard Lebesgue
spaces.

e VY for N € N* is the set of functions f : T x TV — E
such that

t (1 f(t,7)) € L=(T,L' (T, E))
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with norm || f|lyx = supser [yn [|f(2,7)||E d7, where
d7 denotes the Lebesgue’s measure d7 = dry ...d7y.

B. System Under Consideration

The systems under consideration are analytic systems with
zero initial conditions and an affine dependence on the input,
thatis, fort € T

z=f(z,u)=Azx+ Bu+ P(z) + Q(z,u) (1)
y=g(z,u) @

z(0) =0 3
whereu : T - Rz : T — X =R",y: T — RP with

finite dimensions n € N*, p € N*, where A is an n X n real
matrix, B is a nonzero n X 1 real matrix, g is analytic at (0, 0),
and where P and () are analytic functions expressed as a series
of homogeneous contributions

P(z) =Y Pu(z,...,x)

k

“

Tyoo., Ty0) 5)
——
k—1

k=2
Q(J}, u) = Z Qk(
k=2
with P, € MLp(X,X) and Qr € MLj_1,1(X,R,X). Note
that these systems correspond to the class of so-called “linear
analytic systems” or “affine systems” (see [6] and [8])

&= f(x) + g(w)u
where we set f(r) = Az + P(x) and g(z) = Q(z,1). As
stated in Section VI, some of the previous hypotheses such as
zero initial conditions, single input, and “affine in input” will be
relaxed in future works.

Definition 1 (Weak and Bounded Solutions): Let U =
L>*(T,R) and X = L*(T,X). Let w € U. A function
z : T — R is a weak solution of (1) and (3) if the following
apply.

1) z is absolutely continuous on all bounded intervals of T
and dz/dt € X.
2) Equation (1) is satisfied almost everywhere, and (3)
holds.
Moreover, x is said to be a bounded solution if it is a weak
solution and it belongs to X'.

Remark 1: If (z,u) is in the analytic domain of g almost
everywhere, then y is also bounded almost everywhere.

Then, in the sequel, we focus on the input-to-state system.

C. Volterra Series: General Definitions and Basic Properties

We restate the standard definition of the Volterra series [3].
Definition 2 (Volterra Series): Let VS denote the set of se-
quences of kernels { f,,, }men+ such that for all m € N*, f,,, €
V™, where V™ = V. A causal Sl-system can be described by
an input-to-state Volterra series if there exist {h, }men+ € VS
and p € R?. such that for all input u € U satisfying ||ullzs < p,
the series
x(t) =

> /[Oj]m h(t7) [IL,a] () dr (6)

meN* "
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defined for t € T, with [IT u|(7) = [[:~, u(7;), is normally
convergent for the norm ||.|| x. For m € N*, the function A, is
called the kernel of order .

Remark 2: The input-to-output Volterra series of the
system (1)—(5) can be deduced from its input-to-state Volterra
series by substituting (6) in (2).

Definition 3 (Gain Bound Function): Let {h,, }men: € VS
be such that convergence radius p of the formal series
Y mens [|ml[ym X™ belongs to R . Then, the gain bound
Sunction ¢ of {hy, }men+ is defined for all z € C such that
2] < pby

o) = 3 hallym 2™

meN*

Theorem 1 (Bounded-Input Bounded-State Relation): Let
{hm}men= € VS be such that the gain bound function ¢ has a
nonzero radius of convergence p > 0. Then, the Volterra series
is convergent in X for inputs such that ||u||zs < p. In this case,
z € X satisfies ||z]|x < o(]Jullu) < oo.

Proof: Let u € U be such that ||u|ly; < p. Then,
¢(|lull) < oo. Now, for all m € N*,

f’!?(” /[O,t]m B (t, 7 [IL, ] (7) dTHX)
<sip ([ ot o) o)

teT
< Nhmllvm (Iluller)™

Hence, the series ) n. f[o.t]m B (t,7) [IL,, u| (7) dT con-
verges normally in the Banach space X to a limit « such that

Il = sup (H m% /[O,t]m B (,7) [IL, ] (7) dTHX>

teT
luller)™ = @ (llullec)-

Y Ml (

meEN*

IN

D. Recursive Construction of Kernels

Definition 4 (Index Set and Selection Function): Letm € N*
and K € N*. The set MX is defined by

Mﬁ:{pE(N*)K |p1+-~-+pK:m}.

Moreover, for all p € ME and for all k € [1, K], the selec-
tion function S;f : T™ — TP* is defined by, denoting 7 =
(T1, T2y« s Tm)

Note that if K > m, then ME = 0.

Following [3], [4], [11], and [23], a recursive construction
algorithm for the kernels associated to the system described by
(1)—(5) is given.

Proposition 1 (Kernels Recursive Construction): Let the
family of kernels {h, }men+ be defined by hy : T x T — X
with

hl(t77'1) = 1R+ (t — Tl) eA(t_Tl)B
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and forallm > 2, h,, : T x T™ — X with

hun(t,7)=1g, (t—max T) (/t vm(t7077)d0+wm(t,7)>

max T

where 1r, denotes the Heaviside function and

U (£, 6, 7)
= AN S Py, (6.517). .y, (6.55(7)
k=2 peMk,
(7N
W (£, T)
= 1gr, (Tm — max ) et (t=7m)

1<i<m

m
k=2 [ qem},
qr=1

X O (hql(Tm,S;(T)),...,th (Tm,sg—l(f))J) :

®)
Then, the series (6) is a formal solution of system (1)—(5).

III. MAIN CONVERGENCE RESULTS

In this section, a computable lower bound p* of the conver-
gence radius p of the Volterra series introduced in Proposition 1
is given (Theorem 2). The resulting algorithm is fed by the norm
of the dynamics of the linearized problem and norms of the mul-
tilinear operators (Py, Q), but it does not require any iterative
kernels norm estimation. The infinite sum is a bounded solution
of problem (1)—(5) in the sense of Definition 1 (Theorem 3).
Finally, a bound on the remainders ||z — Vasz| v is given in
Theorem 4, where V,;2 denotes the sum of the Volterra series
truncated at order M.

Hypothesis 1: The system (1)—(5) is such that ¢ — exp(At)
belongs to L' (T, R™*"™); that is, A is supposed to be Hurwitz if
T = R4, and there is no assumption on A if T is a finite interval
[0,T].

Then, the following function can be introduced.

Definition 5: The function F is formally defined by

Ihally + 3 QX+
F(X) = —= ©)

1-— Z Pk Xk-1
k=2

where, defining x = [ “e df, forall k > 2

M eexx)

||MLL,(X,X) Qe = KHQkHMLli(X,R,X)('l

Remark 3: This definition of  is consistent and h; € V1.
This is obvious if T is a finite interval. If T = R, then A is

Hurwitz so that —a = max (§Re(spec A)) < 0and 8 € Ry
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can be chosen such that forall § € R, [[e*?]|z(x x) < Be™.
Then, 0 < K < [g. le*® |l ox,x) df < B/a, and

0 < llhallv: < wl1Bllewx < TNiBllews. (D

Theorem 2 (Lower Bound for the Convergence Radius): The
family {A, }men- defined in Proposition 1 belongs to VS.
Moreover, let r € R} U {400} be the radius of convergence
of F at x = 0. Equation z F'(z) — F(x) = 0 has either one
solution denoted o (case 1) or zero solution (case 2), in ]0, 7[.
Let p* > 0 be defined by

v O

(case 1) pr = —(U) (12)
*x : €z

(case 2) pr = Zrlir& _]:(:v) (13)

Then, the convergence radius of the gain bound function ¢ is
greater than p*.

The proof of Theorem 2 is based on tools from analytic com-
binatorics [12]. The key steps are the following.

Step 1) The recursive kernel construction formula (in
Proposition 1) is exploited to obtain a majorizing
sequence 1, of the kernel norms.

Step 2) The associated generating function ¥(z) is proved
to satisfy the implicit equation W(z) = z F(¥(z)).

[y and the

norms of operators Ay and By.

Step 3) Function VU is proved to be analytic at z = 0. A
lower bound p* for its convergence radius is derived
using the singular inversion theorem (case 1) and the
analytic inversion lemma (case 2) (see e.g., [12]).
This gives a lower bound for the convergence radius
of the gain bound function ¢.

Proof:
Step 1: We prove by induction that, for all m € N*, h,,
belongs to V'™ and satisfies

[P llym < thm
with ¢1 = ||h1]|y1, and, for all m > 2

b Z(Pk > Hqﬁpﬁgk > Hz/)q[> (15)

k=2 peEME (=1 geMt, =
qr=1

(14)

where Py and Qy, are given in Definition 5.

Indeed, following Remark 3, h; belongs to V! and (14) is
satisfied for m = 1. Now, by 1nduct10n let m > 2 and assume
that for 1 < m’ < m — 1, hyp € V™ and Pt |y < e
Let ¢t € T. Then, from Proposition 1 and denoting 7 = 7 +
T2+ -+ TN

[t r)lhcdr
b [07t]m'

. t
S/ / U (6,0, 7)d0 + wp, (¢, 7)|| dT
[0 t]™ max T X
< SoABH+ Y Bq(t)> (16)
k=2 *peMy, {qu’;
qr=1
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with, for all p € ME, and ¢ € ME, such that ¢, = 1

t
t) = / / Ay (t,0,7)d6 dr (17)
[0,t]™ Jmax T
A (t,0,7) = HeA“*G)P (h (6, SX(7)), -,
(655 (18)
Bq(t) = / Bq(tﬂ') dr (19)
[0,¢]™
gq(t, T) = HeA(t_T’”)Qk (hq1 (’rm7 S;(T)) ey
P (Tms SE7H())1) ‘X. (20)
Now, for2 < k <m,p € ME,, 0 €1[0,],and 7 € [0,¢]™
.Zp(t, 0,7) < ||eA(t—0) HL(X,X) HPk (hp1 (97 S;(T)) v
th (97 SS(T))) HX
< ||eA(t_9)Hc(x,x) ||Pk||M£k(X,X)
k
<1 th (0,5;(7))“X. 1)
=1

Moreover, for 1 < ¢ < k and § € [0,¢]
[ Mm@l [ 0.l
J[0,t]Pe JTPe

< sup / I, (6 m)x dn
0eT .JTPre

< hp, llvre - (22)
Hence, from (17)—(22) and since
' A(t—0)
su e df =«
teWI?./o I Ha(x,x)
k k
Ap(t) < P H Ihpellvee < P H Vp, (23)
(=1 (=1
is finite.
For2 <k <m,q €M and7 € [0,t]™
gf](t7 T) S ||eA(t_Tm) ,C(X,X) HQk (h41 (Tm7 Sql (T))7 trt
hqx»71 (Tm7 5571(7_)) 9 1) HX

S “eA(t—Tm)

\L(X,X) ||QkHMLk,1_1(X,R,x)
k-1

X H ||hqé (7'm7 SS(T)) Hx'
(=1

Hence, from (19)—(20) and using (22) with = 7,,, € [0, ¢] and
q¢ instead of py

k—1 k—1
0 < [T g lve < Qe [[00 @b
(=1 (=1

is finite. From (16), (23), and (24), h,, is in V™ and (14) holds.
Step 2: Consider the formal series ¥(X) =
Yomens Ym X™ and R(X) = P(\IJ(X)) + XQ(\I'(X))7
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with P(X) = Y po, PrX¥ and Q(X) = Yoo, Qe XF~L
Then, from (15)
R(X)
S e e ) )
k=2 meN* meN*
S (n X Mrar X Tl
m=2 k=2 peEME =1 { geMt (=
qk= =1
=Y P X =U(X) — ¢
m=2

Therefore, (X)~P(¥(X)) = X (Q(W(X))+41 ). Since
Y1 = [|h1]}y1, it follows that ¥(X) = X F(¥(X)), where F
is defined by (9).

Step 3: From (14), ¥ is a majorizing series of the gain
bound function ¢. Moreover, from Step 2 and Lemma A (in
Appendix A), ¥ is analytic at 0, and its convergence radius is
given by (12) and (13), which concludes the proof. [ |

The following algorithm for the computation of p* is deduced
from Theorem 2.

Algorithm 1 (Computation of p*): The following computa-
tion steps can be performed either numerically or analytically.

1) Compute ||hq|]y1, Pk, Qk and F (see Definition 5).

2) Compute the positive solution o €]0,r[ of equation

o F'(o) — F(o) = 0if any.

3) Compute p* using (12) and (13).

From Theorems 1 and 2, the convergence of the Volterra series
expansion with the kernels given in Proposition 1 is guaranteed
if u € D*, where

D* ={uel||lullu <p*}. (25)

Remark4: Inpractice, most systems fall into case 1. The class
of systems with entire nonlinearities P, () falls into case 1 ex-
ceptif P = 0and @ = @ (F is affine), which falls into case 2.
Another example for case 2 is obtained for system & = —x/2+
u+(1/2)(—2+22*— (2 —1)? In(1—2))u. In this case, for T =
Ri, by =6 =2, F(z) =1+22 — (z — 1)?In(1 — 2)/x
with r = 1, and p* = lim,_ - z/F(x) = 1/3. Simulations
show that this is the stability limit of the system, so p* is a tight
bound.

Remark 5: The bound p* is not guaranteed to be optimal
because of (21), (23), and (24), however optimality is reached
in some cases (see examples in Section IV).

Remark 6: When both P and (@ are collinear to B, x can be
replaced by ||A1]|y1 /|| B]|x in the proof of Theorem 2 and in the
algorithm that provides more accurate bounds.

Remark 7: In the case where exact computations of ||h1]|y1,
Pi, or Qy are not possible, upper bounds of these coefficients
can be used in Algorithm 1. Indeed, the induction in Step 1
remains valid when using such upper bounds. However, obvi-
ously, this leads to underestimated values for p*.

Remark 8: If Q = 0, the following simplifications occur.

* F has the form

]_-(X) — ||h1”V1

1 - kP(X)

= P(X)/5 = 5 |1 Pell vy 0 X7

(26)

with P(X)



2066

* the equation satisfied by o (case 1) becomes

P(X)+ X P'(X) - % =0. 27)
e p* is given by
p* — w (28)

171 |y

Moreover, since [[h1y1 < K[| Bl[£(x,r). an underestimated

bound of p* is given by p* = o (1/k — P(0)) /| Bllc(x,r)-

The Volterra series is a bounded solution of (1)—(5), as stated
in the following theorem.

Theorem 3 (Bounded Solution): For all u € D*, the Volterra
series with kernels { A, }.men+ converges to a bounded solution
of (1)—(5) in the sense of definition 1.

The proof is detailed in Appendix B.

Finally, a A'-norm bound of the truncation error of the series
can be computed.

Theorem 4 (Truncation Error Bound): For all M € N*,
denote Varw(t) = S01_y fig.go hn(t,7) [TL, 0] (7) dr and
Ry ¥(X) = S %01 ¥mX™. Then, for all u € D*, the
remainder of the truncated Volterra series satisfies

|z = Varz|| , < Rar ¥ (llullu)-

Moreover, in case 1 of Theorem 2

Ry ¥ (|lully) < o (”7 (29)

H
B
5

Proof: The gain bound function ¢ is dominated by the gen-
erating function ¥ (see the proof of Theorem 2, Steps 2-3).
Then, for all u € D*

“+o0
lz=Varzllx < D M|y (llullee) ™ < Rar¥([Juller) < +00.
m=NM+1

Moreover, in case 1, the restriction of ¥ to [0, p*[ is a positive
strictly increasing bijection from [0, p*| to [0, o[ with positive
Taylor coefficients (see Lemma A in Appendix A). Function ¥
is normally convergent on any closed disk D(p) C C with ra-
dius p < p*. Hence, Cauchy estimates on D(p) yield ,,, =
W) (0)/m! < Sup.ep(p) [V (2)|/p™ < o/p™,¥m € N*. For
p — p*, the limit leads to ,,, < o/(p*)™. Finally, Cauchy es-
timates for ¥ yield (29), which concludes the proof. [ |

IV. EXAMPLES

In this section, several examples are presented, for which an-
alytic computations are possible.

A. 1-D System With Third-Order Nonlinearity

We start with a very simple 1-D toy example with a polyno-
mial nonlinearity. Let a €]0,1[, ¢ € R, and consider the fol-
lowing system:

Vi > 0, it=—az+erd+u 30)
with zero initial conditions z(0) = 0 and scalar bounded signal
input u. It has the form (1)—(5) with X = R, A = —a, B =1,
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1.5 s R e s e - .
/g — nonlinear
1-0— / —*— order 9
05 x —— order 3
S0.0 \ —o— linear
-0.5 \
-1.0
—1.5_ TR0 0O PN
gl B
5 10 15 20 25 30 35 40 45 50
t (in s)
1| = nonlinear
4| ¢ orderg /X’""‘
——
] order 3 v T
1|~ tlinear | .-
£
/ P A s
1 =
4 ’/o,
1.3 7
//' i
2 |
1.2 T T T T T T —
® o 10 15 20 25 30
t (in s)
8
7' — nonlinear |
4| order9 ]
6: —*— order3 ]t
5j —O— linear /
EP /
3
g P
] )ﬂ'—’» PSS S S S M S S— S b4
1
0 0 5 10 15 20 25
© t (in s)

Fig. 1. (ExampleIV-A, casec > 0) Numerical computation of 2 fora = 0.65,
& = 0.04068 withe = 0.95 < p* = 1in(a) and (b) and e = 1.05 > p* in
(c). (b) is a zoom of (a).

P(x) = ez, Q(x,u) = 0. Following the steps of Algorithm 1,

we compute the convergence radius of the Volterra series for an

infinite time horizon (T = R,).

Step 1) ||h1|yr = 1/a, k = 1/a, P, = 0 forall k € N*,
except for k = 3, where P3 = kle|, and Q; = 0 for
all £ € N*, so F is given by (26) with

P(X) = |e| X2.

Step 2) o satisfies (27), that is, 3|¢| X2 — a = 0. The unique
positive solution is

o a
RVETER

Step 3) We compute p*, e.g., using (28), which leads to

|5|02) 2 [a?
a / 3\ 3¢

Numerical simulations are performed with a = 0.65 and ¢ =
+0.04068 so that p* ~~ 1. The input u(t) is constant and equal
to e on [0, 25] and jumps to —e on [25, 50].

1) Case ¢ > 0 (Fig. 1): Simulations show that p* is in-
deed the radius of convergence of the Volterra series: For e <
1, it converges to the trajectory of the nonlinear system [see

pF = aa(l —
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T 4
1.5 ] — nonlinear
s ] / —— order 9
1.07 / —*— order 7
] / —o— order 5
0.5
: —* order 3
o linear
00 10 15 20 25
t (in s)

Fig.2. (ExampleIV-A,casec < 0)Numerical computation of x fora = 0.65,
e = —0.04068 withe = 1.4 > p*. A high value of ¢ is chosen in order to see
the otherwise slow divergent behavior of the Volterra series expansion.

o
@
=3

o

o
)
=3

R

o
=3
&

o
o

IR E RN NN ]
—

o
Q
S

Fig. 3. (Example IV-A) Convergence radius proposed in [7] is a function of a
parameter 6 (denoted p in [7]). The best estimate is obtained here at 8 ~ 4.8.

Fig. 1(a) and (b)], whereas for e > 1, it becomes divergent [see
Fig. 1(c)]. In Fig. 1(c), it can also be seen that p* is the BIBO
stability limit of the system at O since the trajectory of the non-
linear system is not bounded any more.

2) Case € < 0 (Fig. 2) : As pointed out in [6], considering
(30) for complex parameters, €, a (with Re(a) > 0) or complex
signals u, the convergence radius is also a tight bound. Numer-
ical simulations show that the Volterra series expansion diverges
very slowly from the nonlinear system for e > p* (see Fig. 2),
which shows once again that the bound obtained for the radius of
convergence is tight. However, the nonlinear system restricted
to real valued signals is BIBO stable at 0 for any bounded input.
Hence, for this type of system, Volterra series expansion con-
vergence radius does not coincide with the BIBO stability limit
of the system at 0.

3) Comparison to Other Results: Most convergence results
on Volterra series require an explicit estimation of the asymp-
totic behavior of the kernel norms. This is not easy except for
particular systems (exact computations are available for bilinear
and quadratic systems [6], [7], [16], and our algorithm pro-
vides similar results). For systems (1)—(5) such that Q@ = 0, a
convergence condition has been proposed in [7, Theorem 3.1],
which is given by (using our notations) 30 > 0, ||ully <

R() = £ —|—2u(0)(1 -

and v(0) = sup .ec ||[Az + P(z)||x. Here, v(0) = afl + |¢|6>
|z]<6

1+2(1+ %92) (1 - \/1 - (1+ %92)_1)]

reaches its maximal value R* =~ 0.267 at # =~ 4.8 (see Fig. 3).
Although comparisons between § — R(6) and p* are not pre-

1—1—#11(6) , where n = dim X

and

R(8) = ab
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Fig. 4. (Example IV-B) Radius of convergence p* as a function of 5 for n €
[0,1] and @ = 0.65 and |¢| = 0.04068.

sented for the following examples, it has been checked that R*
(here, 0.267) is lower than p* (here, 1).

B. Similar Example With a Nonzero Contribution Q)

Consider the slightly complexified version of the previous ex-
ample given by

vVt > 0, t=—az+ex’+nzutu 31
which has a nonzero @, given by Q(z,u) = nzu with € R.
Computations in Algorithm 1 are modified as follows.
Step 1) Qa = k|n| so Q(X) = k|n|X and F is given by (9)
with

_ vt + 60l X 1+ X

X)= = .
FX) 1—kle| X2 a— |e] X2

Step 2) o (computed numerically) is the unique positive so-
lution of 0 F'(0) — F(o) = 0, that is, of a —
3|e] X2 — 2|en| X3 = 0.
Step 3) We numerically compute p* = o/F (o).
The radius of convergence is plotted in Fig. 4 for n € [0,1]
(values for n and —n are equal) and the same parameters as in
Section IV-A (a = 0.65 and |e| = 0.04068). As expected, the
convergence radius is 1 for » = 0 and decreases for > 0.

Moreover, for n — 400, o ~ {/a/|2en| and p* ~ a/n.

C. Saturated Stabilization

Consider here the following 1-D system:

i = ax — tanh(yz) + u (32)
where v > a > 0 and the initial state 2:(0) = 0. It is represen-
tative of the frequently encountered situation where an unstable
linear system (z = ax + u) is stabilized by a linear state feed-
back (yx), but the stabilizing signal is saturated by a tanh static
function.

For constant causal inputs u(t) = U € R, the stability anal-
ysis shows that the system is stable if |U| < Ujiy, with

Uim = /1 — & — atanhy/1 — &,

and is unstable if |U| > Ujim.
The Taylor expansion of the saturating function around

with¢ = &
5

r = 0 is given by tanhy = > . cor—1y>F~1 with
¢ = 1,e3 = —1/3, ¢ = 2/15, and more generally,
cor—1 = (—1)k+t122k(22k _ 1)B,, /(2k)!, where the Bay’s

denote the Bernoulli numbers [1, (4.5.64)]. For an infinite time
horizon (T = R;), we have the following.
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Fig. 5. (Example IV-C) p* (solid line) and U;,., (dashed line) as functions of
7-

Step 1) & = ||h1]lyr = 1/(y —a), Qx = 0 forall k € N*
and Py, = K|Ck|’yk. Since ZneN* |02k,1|y2k_1 =
tan y, it follows that P(X) = (tan(yX)—~X)/X

and that the gain bound function is given by

) = X
(27 —a)X —tan(yX)’

F(X

Step 2) o satisfies (27), that is, v — @ — tan?(yX ) = 0. The
unique positive root of this equation is

v - a)
5 .
Step 3) Using (28), we obtain
pr = [(Z—E)arctan\/l —5} —\1=¢,

Fig. 5 displays the values of Uj;,, and p* for a = 1, as a function
of the feedback gain ~. It shows that for moderate values of -,
p*, and Uy, are close. For constant inputs greater than p*, we
checked numerically that the Volterra series is slowly divergent.
Nevertheless, interesting approximations are given by the series
truncated at order N such that 5 U” is the smallest term of
the Taylor expansion of the dominant function W(U). Further
investigations on divergent series will be performed in a future
work.

Fig. 6 shows a simulation obtained with a constant input of
0.8p* during 10 s, followed by a jump to a sinusoidal input cen-
tered on 0.5p*, with an amplitude of 0.5p* and a frequency of
0.8 Hz until £ = 20 s. From ¢ = 20 s to ¢ = 30 s, the input
is a decreasing ramp to zero. From O to 10 s, the input is a low
frequency (constant) signal, close to the convergence bound of
the series. The linear approximation is very poor, the third-order
one is much better, and the series truncated at order 5 give ex-
tremely good results. Between 10 and 20 s, the signal is set on
a higher frequency than the bandwidth of the underlying linear
system, so that, due to the low pass effect, the linear approxima-
tion is acceptable and the third-order one is very good, although
the input reaches the convergence bound in infinite norm. The
end of the simulation corresponds to an input with decreasing
amplitude, so that the linear approximation becomes better at
the end of the simulation, and the third-order one is quite accu-
rate.

: <
o = — arctan
Y

with ¢ = 2.
v

D. Two Second-Order Systems

1) System With a Nonlinear Damping: Leta > 0,b € R,
w > 0, and consider the following system:

vt >0, B+ 2ad +bid + Wiz =u (33)
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Fig. 6. (Example IV-C) Simulation for a dynamic input.
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Fig. 7. Example IV-DI1 : Numerical computation of the speed x5 fora = 2,
b=1,withe = p*.

with zero initial conditions and scalar bounded signal input .
The nonlinearity corresponds to a damping if b > 0. It takes the

form (1)—(5), where X = R? is associated with the euclidean

. 1
norm. The state is z = (z1,22) and A = 0 9 ,
—w —2a

B <?>,P(w) - (_gx3> = —ba3B, Q(w,u) = (8

Note that max (%e(spec A) =—-a<0.
For a given time interval T = [0, T, the corresponding con-
vergence radius p%. is computed as follows.
Step 1) Forall k € N*, Q) = 0, P = 0 except P3 = K |b],
so F is given by (26) with P(X) = |b| X2.
Step 2) o satisfies (27), that is, 3 |b| X2 — 1/k = 0. The
unique positive solution is o = 1/1/3k |b].
Step 3) Computing p*, e.g., using (28), leads to

*

p:

1
(/3w ol (1 llv)

Moreover, in this example and following Remark 6, « can be
replaced by ||hq||y1 /1 in the algorithm. For each T, the value
of |||y is computed numerically.

Fig. 7 displays a numerical simulation with a = 2, b = 1,
w = 3,and T — 400 so that p* = 2.5. The input u(t) switches
every time unit from e to —e, with e = p*. The system is ad-
equately approximated by the series truncated at order 5. For
higher values of e, the Voterra series expansion becomes slowly
divergent.

2) Damped Pendulum: Let a €]0,1[, w > 0, and consider
the system zero initial conditions and input u governed by
(34

Vvt >0, #1 + 2037 + w? sin(z1) = u.
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Fig. 9. (Example IV-D2) Function T" +— p* for a damping ¢ = 2 (solid line)
and a = 10 (dashed line). The convergence radius for 7' — +oco (T = R4 ) is
p* = 0.7 fora = 2 and p* = 0.85 fora = 10.

Like in the previous example, the state is * = (x1,22)7

. 0 1 0
with A = <_w2 —2@)’ B = <1)’ P(fl}‘) =

(e

Q(z,u) = (8).N0te that max (?Re(spec A)) =—-a<0.

—w?(sinzy — 21)B and

In this case, for T = [0, T, p% is computed as the following.

Step 1) Forall k € N*, Q@ = 0, Pap, = 0, and Pop41 =
kw?/(2k + 1)1, so F is given by (26) with

BX) = wz(sin};(X - X)

Step 2) o satisfies (27), that is, w? cosh X — w? — 1/k = 0.
The unique positive solution is

( 1+\/1+2mw2>
o=ln[14 YT )

RW

Step 3) Computing p*, e.g., using (28), leads to

o — mwQ(sinha — a)
Ay

Again (see Remark 6), ~ can be replaced by ||h1]|y1 /1 in the al-
gorithm. The stability limit for constant inputs of the nonlinear
system is Uy, = 1. Fig. 8 displays the values of p%_ as a func-
tion of the damping a, and Fig. 9 the values of p}. as a function
of T'. As it could be expected, p* is an increasing function of a
and a decreasing function of 7.

In Fig. 10, a simulation is performed for a = 2 and a constant
input v = py with T = 1.5 (p5 ~ 3). The angular position

*

p:
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Fig. 10. (Example IV-D2) Simulation for « = 2, T = 1.5, and a constant
input e = p}. & 3. The angular position of the nonlinear system (solid line)
and those predicted by the successive Volterra series expansions are plotted.

x1(t) is a slowly increasing function of time since p4. > Ulip,.
It is plotted for the system and for its Volterra series expansions
up to order 9. As guaranteed by Theorem 2, the convergence is
achieved if ¢ < T' = 1.5 (here, a first-order expansion proves
accurate on T). However, the convergence is not guaranteed for
t > T, so the series is not representative of the behavior of the
system in this case. As an indicator of divergence, the smallest
term of the series expansion for orders m € {1,3,5,7,9} cor-
responds to m = 9 fort < 9.23, m = 7Tfor9.23 < t < 11.4,
andm = 1fort > 11.4.

V. GENERALIZATION TO EXPONENTIALLY DAMPED
INPUT-OUTPUT RESULTS

In this section, we concentrate on results on the infinite in-
terval T = R,..

A. Definitions and Convergence Results

Definition 6 (Spaces Uy, X, V;f”, and VS ,): Forall A, p
in Ry and m € N*, we introduce the following sets.
X, is the set of functions x such that t — e Mz (t) €
L*> (R, X) endowed with the norm

el = sup (& l(®)llx)-
teR,

Note that if Ao > A1 > 0, then Xy, C &, C &j.

* U, is defined in the same way as X, replacing X by R and
|- lIx by |-

* VY', is the set of functions f : Ry x RY" — X such that

t (1 e (7)) € L7 (Ry, L' (R, X))

where V7 = (71,...,7m) € R, T=m1 + 1o+ -+ +
Tm. This set is endowed with the norm defined || f HVT;L =

subrer, (0 fin (57l e 7dr).
* VS, , is the set of the series ( fim)men- such that for all
m € N*, f,, € V{,.

Proposition 2 (Coefficients kr, and Norm of hi):
Let the system (1)-(5) and 8 > 0 be such that —a =
max (Re(spec A)) < 0and V¢ € R, ||eAt||L_(X,X) < BeT,

Then, for all 1 € [0,a), A > p, the coefficients defined by,
for all £ € N*

Kk, = Sup
teRL

t
(6 [ 1o e a8) G5
0
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are finite and such that

i < B/ ((a = W €((k = Du/(a =),
where £ : Ry — [1, 4+00) is the continuous bijective increasing
function defined for all z € R, by

£0)=1 &) =e'
and

¢(z) =2/ @D otherwise.

Moreover, hy € Vy, and llhally:
5 N

((a=me(h=m/(a—m)).

The proof is straightforward. The following function can then
be introduced.

Definition 7 (Function Fy ,): Forall € [0,a) and A > p,
the function F) , is formally defined by

< BlBllewx)/

o0
lh1 ||v;,H + kZZ Q. XF1

-7:/\,/4()0 =

1-— Z Pk.u Xk_l
k=2

where, for all £ € N*, P, = “k,uHPk and

HML 1 (X,X)
Qe = Kk ||Qk||MLL 11 OGR,X)

Remark 9 (Links With Section III ) All the definitions of this
section correspond to those of Section III for A = p = 0. More
precisely, Uy = U, Xo = X, V' = V™, VSo = VS, k) =
& (for all k in N*), and Fy o = F.

Theorem 5 (Generalization of Theorems 1-4): Let i € [0, a)
and A > pu. Then, results given in Theorems 1-4 and
Algorithm 1 are still available when replacing U, X, V™,
VS, and F by Uy, X, V;’?H, VS, ., and Fy ,,, respectively.

The proof is given in Appendix C.

These results indicate that if 0 < p < a, we can compute
a (nonempty) convergence domain Dy , C Uy C U of inputs
decreasing at least like e~** with A > p for which the Volterra
series converges to a state that is guaranteed to decrease at least
like e™#*.

Remark 10: Following Remark 7, replacing ||h1||v1
Kk, in Algorithm 1 by the overestimated bounds glven in
Proposition 2 still yields valid results.

and

B. Example of a 1-D System

Consider a 1-D damped system described by (1)—(5) with
X=R,A=-a<0,B=1P)=Y " ,a:z",Q =0,
zero initial conditions. Let i1 € [0, a), A > u. Moreover, denote
a=a—p>0 &, =E((k—1u/(a—p) >1keN)
and (x = E((A = p)/(a = p)) > 1.

For such this system, the bounds given in Proposition 2
with # = 1 yield the following exact quantities ||/1||y: L=

1/(aCop)s Frp = 1/(a&). Then, Fyu(X) = (C,\#L(a -
75”()()))71 with P, (X) = 725 (|aw|/éx.u) X*=1, 0, is the
X)+ X P/ (X) - a=0and

— Pu(0,).

positive solution of ﬁ”(

p;,p = C)\,;L Ou ((1
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For Example 1 (see Section IV-A), this yields 75H(X ) =

(E/fgm)XZ, sothat o, = \/a &3 ,/(3¢) and

o _ 20 0?8,
Paun= "3 3c

The case (1 = 0,A > 0) leads to o = @, 30 =

&(A/a), o0 = \/a/(3e) and

A
Pi,o = Pg,of(g) > PB,O

1, CA,O =

is an increasing function of \/a (note also that £(\/a) Nl
—+

A/a). In particular, this illustrates that the radius of convergence
that ensures bounded states (i = 0) is known to be greater for
damped inputs (A > 0) than for bounded inputs (A = 0). Hence,
the initial value of a damped input can be chosen greater than the
convergence radius computed for the BIBO case. For instance,
for A = 2a, the initial value can be chosen 1/£(2) = 4 times
greater than for A = 0.

The case (1 = a/2,\ > p)leads to o = a/2, {3,402 =

5(2) =4, Oaj2 = w/2a/(35) = \/500 and

22
% 93,0

is an increasing function of A from [u, +00) to [Pé,o/\/i +00).
Remark 11: The value A such that pj, , | = pj o is computed

by solving v/2£(2\/a — 1) = 1, which yields \/a = 0.58.

PZ/2,>\ =

VI. CONCLUSION

Bounds on the convergence radius and truncation errors of
Volterra series expansions have been proposed for SI nonlinear
systems that are analytic in state and affine in input. Results
have been illustrated on several examples. The main advantages
of the method are that: 1) computable bounds are given (rather
than only existence or theoretical results); 2) the corresponding
algorithm is adapted to both exact and numerical computations;
3) results are available for several norms that are adapted to
address stable and unstable systems, bounded or exponentially
damped input-to-state results, and finite- or infinite-time hori-
zons; 4) the hypothesis required by the study on an infinite
horizon is weak, that is, the system must have a stable linear
part. When simulating systems on a finite-time horizon 7" using
Volterra series, our method shows that relaxing the stability con-
dition on the linear part still makes sense for sufficiently small
inputs. However, in this case, the convergence radius quickly de-
creases to 0 with 7. The main limitations of the method are that:
1) results are available only for the “analytic linear systems,” de-
scribed in Section II-B; 2) the bound given by the algorithm can
yield an underestimated convergence radius [typically, when the
accuracy of inequality (21) becomes poor]. Our results bring a
useful contribution in all the applications where Volterra series
expansion with a guaranteed precision are needed (e.g., simu-
lation and model order reduction). It can also be used for the
characterization of stability domains of nonlinear systems, as
well as, e.g., the optimization of parameterized stabilizing con-
trollers through the maximization of the convergence radius.

The extension of these results to the multiple-input case is
under study. In the near future, we also plan to generalize the



HELIE AND LAROCHE: CONVERGENCE BOUNDS FOR VOLTERRA SERIES OF LINEAR-ANALYTIC SINGLE-INPUT SYSTEMS

above results to systems that are, in addition to the above as-
sumptions, analytic in input and have nonzero initial conditions.
Another extension will consist of generalizing these results to
some classes of infinite-dimensional systems, such as boundary
and distributed controlled PDE systems solved using Volterra
series (see, e.g., [15] and [18]).

APPENDIX A
LEMMA A

Let A(X) = 3025 apX* and B(X) = 3725 bp X" be
analytic functions at X = 0 with nonnegative coefficients. Let
[ € RY. Define F(X) = (84 B(X))/(1 — A(X)), and let
r € R% U {400} be the radius of convergence of F' at 2 = 0.
Then, the following results hold.

(i) Atz = 0, F is nonzero and analytic with nonnegative

Taylor coefficients.
(ii) Equation z F'(z) — F(x) = 0 has either one solution
denoted o (case 1) or zero solution (case 2) in |0, 7.
(iii) There exists a unique function z — W(z), analytic at
= 0 such that W(z) = z F(¥(z)). Its convergence
radius py at z = 0 is such that

S a
(case 1) pw =p- = (o) (36)
(case2)  py >p" = mlifll % (37

Proof:

Assertion (i): If A = 0, (i) is straightforward. Otherwise, A
has at least one positive Taylor coefficients so that, forall z € C
such that |z| < 7, |A(2)| < A(]z]) < lim,_,,—(z) < 1 and
F(z) = (B+ B(2)) X142 (A(2))", which proves (i).

Assertion (ii): Define H(z) = xF’(x) — F(z) forz €
[0,7[. If F is affine, then H (z) = —( sothatz F'(x) — F(x) =
0 has no solution. Otherwise, H is a strictly increasing function
on )0, r[ from H(0) < 0to £ = lim,_,,- H(z) € RU {400}
since, for all x €]0,r[, H' (x) = x F"'(z) > 0. Therefore, if
£> 0, then z F'(x) — F(x) = 0 has a unique solution on [0, 7]
(case 1); otherwise (£ < 0), it has no solution (case 2).

Assertion (iii): In case 1, the hypotheses of the sin-
gular inversion theorem (see e.g., [12, Proposition IV.5 and
Theorem VI.6]) are met, and its application proves (iii). In
case 2, (iii) is a direct consequence of the analytic inversion
lemma (see, e.g., in [12, Lemma 4.2]). [ |

APPENDIX B
PROOF OF THEOREM 3

Proof: Let u € D*. From Theorem 2, the Volterra se-
ries (6), denoted z, belongs to X'. Let us prove that x is abso-
lutely continuous and that its time derivative belongs to X'.

From the kernel recursive construction formula, it follows by
induction that for all m > 2, h,,, has a partial derivative w.r.t. ¢
that belongs to V™, expressed as

%hm(t7 T) = Ahp(t,7) + v (t, 8, 7).

2071

Moreover, denoting 7(t) =
and d7, = dmy - -

d
X </[0:t]m hom (£, 7) [IL,, u] (7) dT)

" a
= / (2,
[O,t] m at

m

> /[o,t]m o (8, 75(8)) [11,, ] (7i(£)) A7

k=1"

9
_ / 9 o,
[O,t]'ﬂl at

i /[O,t]ml Wi (b, T (1)) [IL,, ] (T (£)) AT

(Tl,.. s Th— 17t7'k+1--~--,7'm)
dri—1 d7gqr - dTm, we get

T) [Hm u] (r)dr

T) [Hmu] (r)dr

From (14) and (15), we have

9
lt]..

<l Alleex, x)¢m+Z||Pk||MLk(x X)) H Vp,

peEME £=1

< ”A“L(X X) l/}m + Z P Z H l/}Pz

peM)‘ =1
1
< Al ex,x) + " Vi

'/Ot] 2

1
< (Mllcgeso + =)
In the same way

/[0 {1 W (t’?m (t)) [Hm U] (T (2))dT

so that

T) [Hmu] (r)dr

X

X

1
<l
X

d
T (/[o,t]m b (t,7) [Hmu] (1) d'r)

2 m
< (IMlleocso + 2 )l

and finally

X

The series 3, n. (d/dt) ( Jro.m hon (8. 7) [IL ] (7) dT) is
therefore convergent in norm in the Banach space X', and we
have

dx d
7= m; O ( /[O,t]m hon (t,7) [I1,, u] (’r)d’r) . (38)

This proves that property (i) of Definition 1 is satisfied.
Equations (6) and (38) prove that the infinite sum ) e IN
the series defining « and the time derivative d/d¢ can be com-
muted. Hence, from Proposition 1, x is a solution of (1)—(5).
This proves property 1 of Definition 1 and concludes the proof
of the theorem. [ |
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APPENDIX C
PROOF OF THEOREM 5
Let g € [0,a), A > p, {hm tmen+ € VS 4y u € U
Extended Theorem 1: the adaptation of the proof relies on
the following inequalities:

2 (1 P00 Il 0
< sup

teR,
R t, —mT md
teER L (/[O’t]'rn || ( T)“X e (HU’HU)\) T)

<Moanllvge, (lull)™

and on the use of the gain bound function ¢y , derived from the
Vi -norms.

" Extended Theorem 2: Only the first step of the proof needs
to be modified as follows. Equations (14) and (15) are adapted
using ||/ ||y ., and Py, ., Q. (see Definition 7). Moreover, the

left-hand side of (16) becomes et f[o fm B (t,7)||xe ™7 d7,
and (17) becomes

t
Ap(t):e”t/[oﬂm/ ()Ap(t,e,T)dee_/\?dT.

Equation (19) becomes B,(t) = e/! f[o i gq (t,7) e > dr,
and (22) becomes

[ M@l an

< [ M mlixe™Td

+

<e M sup
TER,

—ub
<™ [y, e
N

o [ I (romllxe™ dn

+

so that (23) is valid with Py, ,. Similar modifications are per-
formed to obtained the new version of (24).

Extended Theorem 3: The proof is straightforward by in-
cluding the exponential weights in the formula of the original
proof.

Extended Theorem 4: The proof is unchanged (using the
new spaces Uy, X, V;\’fﬂ and the new quantities o, p3).
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